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Single Shortest Path Problem

Figure: A weighted graph with nonnegative weights

Problem: How to nd the shortest path from node 1 to node 6?



BFS revisited

2 For nding the shortest path from one node to another in an
unweightedgraph
2 Nodes classi ed into three colors during the process:

2 white: unvisited, unexplored
2 grey: visited, unexplored (stored in a queue, rst-in- rst-out)
2 black: visited, explored
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Why BFS does not work for weighted graph

2 Shortest path from node 1 to nodepossibly not be the one
with minimum number of edges.

2 The shortest path to the rst node in the queue may not have
been found!

2 Any node whose distance is con rmed?
2 The node with theshortest distanck (why?)



Dijkstra Algorithm

Figure: An unweighted graph
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Dijkstra Algorithm (Lazy Deletion)

Algorithm 1 : Dijkstra(G, w, s)

for each v2 V nfsg do
| dlv]A1l
d[s]A O;
Q.Enqueuets, d[sp) ;
while Q 6 ; do
uA Q.ExtractMin();
if uis dequeued for the rst timehen
for each v such that (u, v E do
if d[v] > d[u] + w(u, v) then
div] A d[u] + w(u, Vv);
L Q.Enqueuet v, d[v}>);




Dijkstra Algorithm

Algorithm 2 : Dijkstra(G, w, s)

for each v2 V nfsg do

| dv]A1l ;

d[s]A 0

Q.Enqueue(V) ;

while Q 6 ; do

uA Q.ExtractMin();

for each v such that (u, v E do
if dv] > d[u] + w(u, v) then

div] A d[u] + w(u, v);

L Q.DecreaseKey(v, d[v]);




Complexity

Memory Time
Array o(V) o(V?)
Binary heap O(vV) O(ElogV)

Binary heap (lazy) O(E) O(ElogV)




Negative weights

Figure: A weighted graph with possibly negative weights

1

Problem: How to nd the shortest path from node 1 to node 6?



One way to nd paths...

Algorithm 3 : RelaxAll(G, w)

for each edge (u,v) of Glo
L if d[v]> d[u]+w(u,v) then
| div] A d[u]+w(u,v);

2 A shortest paths that contains at mogt edges can be found
by running this once ifl[v] originally stores the length of the
shortest paths from a vertex that contains at mostk j 1
edges.



Bellman-Ford Algorithm

Algorithm 4 : BellmanFord(G, w, s)

for each v2 Vnfsg do
| dV]A1 ;
d[s]A ©;
for jVji 1ltimesdo
for each edge (u,v) of Glo
L if d[v] > d[u]+w(u,v) then
| dIV]A d[u]+w(u,v);




Bellman-Ford Algorithm

Figure: Running Bellman-Ford Algorithm on a Weighted Graph
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Figure: Running Bellman-Ford Algorithm on a Weighted Graph




All-pairs Shortest Path Problem

Figure: A weighted graph with nonnegative weights

Problem: What if we want to nd the length of the shortest path
between each pair of vertices?



An example of what we want

Figure: Length of all-pairs shortest path in the previous graph
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Think recursively

Let's consider the possible intermediate nodes in a path
betweenu andv.

A path can contain any intermediate nodes from 1 o
wheren is the number of vertices

Think about restricting the nodes that can be intermediate
nodes betweemn andv, say nodes L::;i only.

What is the relationship between the shortest path that can
have intermediate nodes; 1::;i and the one that can have
intermediate nodes;1::;ij 17?



Two cases

A path fromu to v with intermediate nodes possibly being:1:;i
can either be

2 containing node as an intermediate node: so the path
consists of a path fromu to i and a path fromi to v, both
only possibly contraining;1::;i i 1 as intermediate nodes

2 not containing nodd: so it is a path with intermediate nodes
possibly being only;x::;ij 1



Warshall Floyd's Algorithm (ldea)

Algorithm 5 : FloydWarshall(G, w)

for i A 1to ndo
for jA 1tondo

Lo A (i)
for k A 1tondo

for i A 1tondo
LforjA 1 to ndo

L di A min(df! Vil P+ gt )




Warshall Floyd's Algorithm

Algorithm 6 : FloydWarshall(G, w)

for i A 1tondo
for j A 1tondo
L dlilil A w(isj);
for k A 1tondo
fori A 1tondo
forjA 1tondo
L | d[ili] A min(d[i]{i], d[iK] + d[KI[D);




What is a tree?

2 A connected acyclic undirected graph
2 Rooted treeVS unrooted tree
2 For rooted tree: parent and children



Equivalent de nitions of a tree

G is a tree.
G is undirected, connected and acyclic.
Any two vertices inG are connected by a unique simple path.

G is connected, but removing any edge from the graph causes
G to be disconnected.

G is acyclic, but addition of any edge to the graph causes
to be cyclic.

G is connected angEj = jVji 1.
G is acyclic andEj = jVji 1.



Disjoint Sets

A data structure that supports the operations of:

2 Same-Set(u,v): Return whethaw andv are in the same set.
2 Union(u,v): Union the sets containing andv.



Minimum Spanning Tree

Problem: How to select edges of minimum total weight so that the
graph is connected?



Minimum Spanning Tree

Problem: How to select edges of minimum total weight so that the
graph is connected?



Some thoughts about the minimum spanning tree

2 |t has to be a \tree". It has to connect all nodes.
2 What edges must it contain?



Let's start with a vertex

2 Pick a vertex. There must be at least one edge in the MST
that connects this vertex.

2 Which one should it be?



Prim's Algorithm

Algorithm 7 : MST-Prim(G, w, r)

for each vertex u of Gdo
| ukeyAl

rkeyA 0;

r.parentA NIL;

Q.Enqueue(V);

while Q 6 ; do

u A ExtractMin(Q);

for each v2 Adj(u) do

if v2 Q and w(u,v)< u.key then

v.parentA u;
v.keyA w(u,v);
Q.DecreaseKey(v, v.key);




Let's start with the smallest edge

2 Must the smallest edge be included in the MST?
2 When is thek™ smallest edge not in the MST?



Kruskal's Algorithm

Algorithm 8 : MST-Kruskal(G, w)

TA;;

for each vertex v of Gdo

| Make-Set(v);

Sort(E(G), w);

for each edge(u,v) of Glo
if not SameSet(u,v)then
L TA T[ (u;v);

Union(u,v);

return T;
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